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Mexico

Received 3 July 1997

Abstract. We discuss classical Fourier–Gauss transforms of a three-parameter family of the
continuous Al-Salam–Chihara polynomialspn(x; a, b|q). It is shown that they are related to
both the continuous bigq-Hermitepn(x; a, 0|q) and theq-Hermitepn(x; 0, 0|q) polynomials.

In this letter we examine the Fourier–Gauss transformation properties of a family of the
three-parameter Al-Salam–Chihara polynomials [1]

pn(x; a, b|q) := a−n (ab; q)n 3φ2

[
q−n, a eiθ , a e−iθ

ab, 0
; q, q

]
(1)

in the variablex = cosθ . Here(a; q)0 = 1 and(a; q)n =
∏n−1
j=0(1− aqj ), n = 1, 2, 3, . . .,

is theq-shifted factorial with the convention(a1, . . . , ak; q)n =
∏k
j=1(aj ; q)n and3φ2 is the

basic hypergeometric series. Throughout this letter we will employ the standard notations
of q-special functions [2, 3]. The Al-Salam–Chihara polynomials (1) are a particular case
of the more general family of Askey–Wilson polynomialspn(x; a, b, c, d|q) [4] with two
vanishing parametersc = d = 0. They are symmetric with respect to the parametersa, b

and

pn(−x; a, b|q) = (−1)npn(x;−a,−b|q). (2)

The Al-Salam–Chihara polynomials (1) with vanishing parametersa andb correspond
to the continuousq-Hermite polynomials

Hn(x|q) := pn(x; 0, 0|q) (3)

of Rogers [5, 6]. At the next level of the Al-Salam–Chihara family one of the two parameters
a andb is vanishing. This special case defines the continuous bigq-Hermite polynomials
[3, 7, 8]

Hn(x; a|q) := pn(x; a, 0|q). (4)

The Fourier–Gauss transformation properties of the continuousq-Hermite polynomials
(3) and bigq-Hermite polynomials (4) have been studied in [9] and [10], respectively. Since
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the Al-Salam–Chihara polynomials can be expressed in terms of either theq-Hermite, or
the bigq-Hermite polynomials, their Fourier–Gauss transformation properties are bound to
be connected as well. The purpose of the present letter is to make use of this circumstance
in order to obtain classical Fourier–Gauss transforms of the Al-Salam–Chihara polynomials
(1).

We begin with the relation

pn(x; a, b|q) =
n∑
k=0

qk(k−1)/2
[n
k

]
q
(−a)kHn−k(x; b|q) (5)

between the Al-Salam–Chihara (1) and bigq-Hermite (4) polynomials. The coefficients of
Hn−k(x; b|q) in expansion (5) are a particular case of the general formula for the connection
coefficients of the Askey–Wilson polynomials, derived in [4] by using the orthogonality
relation for them. But one can find these coefficients directly from definitions (1) and (4).
Indeed, from (4) and (1) it follows that

Hn(x; a|q) := a−n3φ2

[
q−n, a eiθ , a−iθ

0, 0
; q, q

]
= a−n

n∑
k=0

(q−n; q)k
(q; q)k qk(a eiθ , a e−iθ ; q)k. (6)

Since

(q−n; q)k
(q; q)k = (−1)kqk(k−1)/2−nk

[n
k

]
q

(7)

where
[
n

k

]
q

is theq-binomial coefficient[n
k

]
q

:= (q; q)n
(q; q)k(q; q)n−k =

[
n

n− k
]
q

(8)

one can represent (6) as

Hn(x; a|q) = a−n
n∑
k=0

(−1)kqk(k+1)/2−nk
[n
k

]
q
(a eiθ , a e−iθ ; q)k. (6′)

It is now easy to invert expansion(6′) by the aid of the orthogonality relation [11]
m∑
k=0

(−1)kqk(k−1)/2
[m
k

]
q

[
m− k
n

]
q

= δmn (9)

for the q-binomial coefficients (8). The inverse expansion is thus of the form

(aeiθ , ae−iθ ; q)k =
k∑

j=0

qj(j−1)/2

[
k

j

]
q

(−a)jHj (x; a|q). (10)

Substituting (10) into the right member of (1), one obtains

pn(x; a, b|q) = (ab; q)n
an

n∑
k=0

qk(k+1)/2 (q
−n; q)k

(ab, q; q)k (−a)
kHk(x; a|q)

×2φ1(q
k−n, 0; abqk; q, q). (11)

The basic hypergeometric series2φ1 in (11) represents a special case of the Chu–
Vandermondeq-sum

2φ1(q
−n, b; c; q, q) = (c/b; q)n

(c; q)n bn (12)
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with the vanishing parameterb, so that fork 6 n it is equal to

2φ1(q
k−n, 0; abqk; q, q) = qn(n−1)/2−k(k−1)/2 (ab; q)k

(ab; q)n (−ab)
n−k. (13)

Reversing the order of summation with respect tok in (11) and making use of (13) establishes
the required relation (5).

Observe that from (5) and the limit relation [3]

lim
q→1

κ−nHn(κs; 2κa|q) = Hn(s − a) (14)

whereHn(s) are the ordinary Hermite polynomials, it follows that

lim
q→1

κ−npn(κs; 2κa, 2κb|q) = Hn(s − a − b). (15)

Further, the inverse expansion with respect to (5) is

Hn(x; b|q) =
n∑
k=0

[n
k

]
q
an−k pk(x; a, b|q). (5′)

One easily checks(5′) by employing the same orthogonality relation (9) for theq-binomial
coefficients (8). Whenb = 0 the expansion(5′) reduces to that for theq-Hermite
polynomialsHn(x|q) in terms of the bigq-Hermite polynomialsHn(x; a|q) [10].

It is essential to note that one can use(5′) for simple derivations of various expansions
for the q-exponential function

Eq(x; t) = eq2(qt2)

∞∑
n=0

qn
2/4

(q; q)n t
nHn(x|q) (16)

on theq-quadratic lattice [12–15]. We mention here two instances of such a usage of(5′).
Substitute first the expansion(5′) with b = 0 into the right-hand side of (16) and interchange
the order of summation with respect to the indicesn andk. This gives

Eq(x; t) = eq2(qt2)

∞∑
n=0

qn
2/4

(q; q)n t
nεq(atq

n/2)Hn(x; a|q) (17)

where Jackson’sq-exponential functioneq(z) [16] and theq-exponential function on the
q-linear latticeεq(z) [17] are defined as

eq(z) :=
∞∑
n=0

zn

(q; q)n εq(z) :=
∞∑
n=0

qn
2/4

(q; q)n z
n. (18)

Recall that theq-exponential functionseq(z) and εq(z) are interrelated by the classical
Fourier–Gauss transform [18]. Whena = qm/2 the expansion (17) in terms of the continuous
big q-Hermite polynomials reduces to one algebraically derived in [7] by using symmetry
techniques (the parameterb in [7] is connected witht in (17) by b = −2it).

In a like manner, from (17) and(5′) we have

Eq(x; t) = eq2(qt2)

∞∑
n=0

qn
2/4

(q; q)n t
npn(x; a, b|q)Eq2(abt2qn+1)

×εq( 1
2(
√
a/b +

√
b/a); qn/2

√
abt) (19)

where theq-exponential function

Eq(z) :=
∞∑
n=0

qn(n−1)/2

(q; q)n (−z)
n (20)
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is the reciprocal toeq(z). In the passage from (17) to (19) we have employed the
convolution-type relation

Eq(cosθ; t) = eq2(qt2)

∞∑
n=0

qn
2/4

(q; q)n (te
−iθ )nεq(q

n/2teiθ ) (21)

between theq-exponential functions on theq-quadratic andq-linear latticesEq(cosθ; t) and
εq(q

n/2teiθ ), respectively. One easily derives (21) by substituting the explicit form

Hn(cosθ |q) =
n∑
k=0

[n
k

]
q

ei(n−2k)θ (22)

of theq-Hermite polynomialsHn(x|q) in the relation (16) and interchanging then the order
of summation with respect to the indicesn andk.

The particular case of (19) witha = qα/2 andb = qβ/2 represents aq-analogue for the
Al-Salam–Chihara polynomials of the Fourier–Gegenbauer expansion of a plane wave in
terms of the Jacobi polynomials [19].

We return now to the expansion (5). The classical Fourier–Gauss transform of the
continuous bigq-Hermite polynomials (4) is known to be of the two alternative forms [10]

1√
2π

∫ ∞
−∞

eisr−s2/2Hn(sinκs; a|q) ds = inqn
2/4e−r

2/2
n∑
k=0

q3k2/4−(n+1)k/2
[n
k

]
q

×(ia)khn−k(sinhκr|q) (23a)

= inqn
2/4e−r

2/2
n∑
k=0

qk(k−n)
[n
k

]
q
ck,n(q)(−ia)khn−k(sinhκr; a|q) (23b)

where the constantck,n(q) is equal to

ck,n(q) =
k∑

j=0

(q−k; q)j
(q; q)j q(n+j/2)j/2. (23c)

Herehn(x|q) = i−nHn(ix|q−1) andhn(x; a|q) = i−nHn(ix; a|q−1) are the continuousq−1-
Hermite [6] and bigq−1-Hermite [10, 20] polynomials, respectively. They are interrelated
by [10]

hn(x; a|q) := i−nHn(ix; a|q−1) = q−n(n−1)/2
n∑
k=0

qk(k−1)/2
[n
k

]
q
(ia)n−khk(x|q) (24a)

hm(x|q) =
m∑
n=0

qn(n−m)
[m
n

]
q
(−ia)m−nhn(x; a|q). (24b)

Hence it remains only to multiply both sides of expansion (5) by the factor
(2π)−1/2 exp(isr − s2/2) and integrate them over the variables within infinite limits by
using (23a), or (23b). This gives the following classical Fourier–Gauss transforms for the
Al-Salam–Chihara polynomials

1√
2π

∫ ∞
−∞

eisr−s2/2pn(sinκs; a, b|q) ds = inqn
2/4e−r

2/2
n∑
k=0

q3k2/4−(n+1)k/2
[n
k

]
q

×(ia)ksk(b/a; q)hn−k(sinhκr|q) (25a)

= inqn
2/4e−r

2/2
n∑
k=0

qk(k−n)
[n
k

]
q
(−ia)kAk,n(b/a; q)hn−k(sinhκr; a|q). (25b)



Letter to the Editor L659

Here

sn(z; q) =
n∑
k=0

(q−n; q)k
(q; q)k qk(k+1)/2(−z)k =

n∑
k=0

[n
k

]
q
qk(k−n)zk (26)

are the Stieltjes–Wigert polynomials [2, 21] and the constantAk,n(b/a; q) is given by

Ak,n(a; q) =
k∑

j=0

(−1)j q3j2/4−kj+(n−1)j/2

[
k

j

]
q

sj (a; q). (27)

It is plain that whenb = 0 the Fourier–Gauss transforms (25a) and (25b) reduce to (23a)
and (23b), respectively.

One more form of the Fourier–Gauss integral (25) follows from(5′). Indeed, after
transforming the baseq into q−1, expansion(5′) becomes

hn(x; b|q) =
n∑
k=0

[n
k

]
q
qk(k−n)(−ia)n−kp̃k(x; a, b|q) (28)

where p̃n(x; a, b|q) := i−npn(ix; a, b|q−1) are the q−1-polynomials of Al-Salam and
Chihara [20]. Now substituting (28) into the right member of (25b) results in

1√
2π

∫ ∞
−∞

eisr−s2/2pn(sinκs; a, b|q) ds = inqn
2/4e−r

2/2
n∑
k=0

qk(k−n)
[n
k

]
q
Bk,n(a, b; q)

×p̃n−k(sinhκr; a, b|q) (25c)

where the constant

Bk,n(a, b; q) = (−ia)k
k∑

j=0

q3j2/4−kj+(n−1)j/2

[
k

j

]
q

(−b/a)j sj (a/b; q)sk−j (b/a; q) (29)

is symmetric with respect to the parametersa and b because of the simple property
sn(z

−1; q) = znsn(z; q), enjoyed by the Stieltjes–Wigert polynomials (26).
The Fourier–Gauss integrals (25a)–(25c) thus transform the continuous Al-Salam–

Chihara polynomials (1) into linear combinations of:
(a) the continuousq−1-Hermite polynomialshn(x|q), which are a special case of the

same family (1), but with vanishing parametersa andb;
(b) the continuous bigq−1-Hermite polynomialshn(x; a|q), which correspond to the

next level of (1) with one vanishing parameterb;
(c) the continuousq−1-polynomials of Al-Salam and Chihara from the same level (that

is, when both parametersa andb are non-vanishing).
In a manner similar to the derivation of (25), from the inverse expansion to (28) and

Fourier–Gauss transforms (23) one obtains

1√
2π

∫ ∞
−∞

e−isr−s2/2p̃n(sinhκs; a, b|q) ds = i−nq−n
2/4e−r

2/2
n∑
k=0

qk
2/4+(1−n)k/2

[n
k

]
q

×(−a)kHk(b/a; q)Hn−k(sinκr|q) (30a)

= i−nq−n
2/4e−r

2/2
n∑
k=0

[n
k

]
q
akAk,n(b/a; q−1)Hn−k(sinκr; a|q) (30b)

= q−n2/4e−r
2/2

n∑
k=0

[n
k

]
q

ik−nBk,n(a, b; q−1)pn−k(sinκr; a, b|q). (30c)



L660 Letter to the Editor

Here

Hn(z; q) := 2φ0(q
−n, 0; q, zqn) =

n∑
k=0

[n
k

]
q
zk = sn(z; q−1) (31)

are the Rogers–Szegö polynomials [22–25], and

Ak,n(a; q−1) =
k∑

j=0

(−1)j qj
2/4+(1−n)j/2

[
k

j

]
q

Hj (a; q) (32)

Bk,n(a, b; q−1) = (−ia)k
k∑

j=0

qj
2/4+(1−n)j/2

[
k

j

]
q

(−b/a)jHj (a/b; q)Hk−j (b/a; q). (33)

Observe that Fourier–Gauss integrals (25a)–(25c) and (30a)–(30c) are interrelated by a
replacement of the baseq → q−1 (i.e., κ → iκ).

We note in closing that once the Fourier–Gauss transforms (25) and (30) between
the continuous Al-Salam–Chihara polynomialspn(x; a, b|q) with different values of the
parameterq are established, it means that we already understand the corresponding
transformation properties of the Askey–Wilson familypn(x; a, b, c, d|q) up to its second
level (that is, with two vanishing parametersc = d = 0). Now it seems quite plausible that
our analysis of the Al-Salam–Chihara polynomials may be extended to the whole Askey–
Wilson hierarchy (i.e., when all four parametersa, b, c, d have non-zero values). Work on
clarifying this possibility is in progress.

Discussions with B Berndt, F Leyvraz and K B Wolf are gratefully acknowledged. This
work is partially supported by the UNAM–DGAPA project IN106595.
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